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Abstract

In this paper, we study an unmanned aerial vehicle (UAV)-enabled multiuser wireless power transfer
(WPT) network, where a UAV is responsible for providing wireless energy for a set of ground devices
(GDs) deployed in an area. We focus on the design of UAV trajectory subject to the maximum flight
speed limit, in order to maximize the minimum harvested energy among GDs over a particular charging
duration. Different from prior works that considered simplified linear energy harvesting models, this
paper for the first time takes into account the realistic nonlinear energy harvesting model for the UAV
trajectory design. However, the formulated trajectory design problem is highly non-convex and has
infinite number of variables, thus making it be challenging to be solved optimally. To tackle this
difficulty, we adopt the following three-step approach to obtain an efficient solution. First, we rigorously
characterize that the optimal trajectory follows a new successive-hover-and-fly (SHF) structure, where
the UAV hovers at a certain set of points for efficiently transferring energy, and flies among these
hovering points with the maximum speed following certain arcs (not necessarily straight lines). Next,
based on this SHF structure, we transform the original problem to a new one for finding a set of
turning point variables during the maximum-speed flight, at which the UAV changes the flight direction
without hovering. Finally, we use the techniques of convex approximation to solve the transformed

problem. According to the convexity of the nonlinear energy harvesting model, we iteratively solve a
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series of convex optimization problems to update the UAV trajectory towards a high-quality solution.
Numerical results show the convergence of the proposed approach, and validate its performance gain
over conventional designs.

Index Terms

Unmanned aerial vehicle (UAV), nonlinear energy harvesting (EH), multiple users, energy fairness,

trajectory optimization, successive-hover-and-fly (SHF).

I. INTRODUCTION

Nowadays, unmanned aerial vehicles (UAVs) have shown tremendous potentials in various
applications (such as filming, aerial delivery, and wireless platforms), due to the high mobility
in three-dimensional (3D) space and high controllability. Among others, UAV-enabled com-
munication networks are particularly appealing. By exploiting the high mobility of UAVs and
the high probability of aerial-to-ground line-of-sight links, the UAV-enabled wireless networks
are expected to achieve improved communication performance than the traditional terrestrial
networks [1]. Thanks to the controllable mobility, the UAV-enabled wireless networks actually
provide an additional degree of freedom for the system operation and design [2] via adjusting
UAVs’ deployment locations and trajectories. For instance, by employing the UAV as a base
station, the UAV deployment optimization has been discussed in [3]-[5] for providing the
maximum coverage for ground users, and the UAV trajectory is optimized for maximizing the
capacity [6] and energy efficiency [8]. In addition, by exploring the UAV as a mobile relay,
the UAV trajectory design has been exploited for throughput maximization [9]. Furthermore, the
trajectory optimization is also considered in UAV-enabled heterogeneous networks for capacity
maximization [10], UAV-enabled data collection systems for energy efficiency maximization
[11], and UAV-assisted data offloading systems [12].

On the other hand, integrating wireless power transfer (WPT) technologies [13] into commu-
nication networks is prominent to prolong the lifetime of low-power rechargeable sensor/devices
(see, e.g., [14], [15]). Recently, using UAVs as energy transmitters for energy supply, namely
UAV-enabled WPT, has been studied in [16]-[20], where a single UAV flying in the sky provides
wireless energy towards electronic devices on the ground. In the literature, there have been some
prior works investigating the trajectory design for UAV-enabled WPT [16]-[18] and UAV-enabled
wireless powered communication networks (WPCN) [19], [20]. In particular, the authors in [16]

investigated the UAV trajectory optimization problem to maximize the minimum radio-frequency



(RF) energy transferred to a set of ground devices (GDs), subject to the maximum UAV flight
speed constraints. In [16], the authors solved the trajectory optimization problem by first obtaining
a multi-location-hovering solution for the ideal case with UAV speed constraints ignored, and
then proposing a suboptimal successive-hover-and-fly (SHF) trajectory design, where the UAV
hovers above a set of points over time and flies straightly around these points at the maximum
speed. Building upon [16], [17] studies a simplified one-dimensional (1D) UAV-enabled WPT
network with GDs deployed in a line on the ground. Under the 1D setup, [17] for the first time
characterized that the optimal 1D UAV trajectory must follow SHF structure, and accordingly
proposed the optimal solution to the min-energy maximization problem based on the optimal
structure. However, the trajectory design strategy in [17] is only applicable in the 1D topology.
How to characterize the optimal UAV trajectory structure in a more general two-dimensional
(2D) topology has not been addressed in the literature yet.

Furthermore, in the existing literature on UAV-enabled WPT or WPCN [16]—[20], the authors
normally considered the RF energy as the performance metric by ignoring the energy harvesting
(EH) process [21], or assumed the simplified linear EH models at the GDs [22], [23], [25]. It
has been shown that under different input power and signal waveforms, the EH (or RF-to-direct
current (DC) conversion) efficiency may vary dramatically (see, e.g., [26]). In particular, it has
been shown in [27], [28] that the EH is a nonlinear process. The authors in [28]-[30] have made
efforts to model and involve the nonlinearity in the study, while the introduced EH model is
curve fitting based on a set of statistical results, i.e., the accuracy of such statistical model is
lacking of essential analytical proof/guarantee. Fortunately, the authors in [27] rigorously derive
this nonlinear EH process, which provides the analytical insights. To the best of our knowledge,
the UAV trajectory design considering the realistic accurate nonlinear EH process is missing,
thus motivating our investigation in this paper.

In this work, we provide an efficient UAV trajectory design for a UAV-enabled WPT network
with a 2D topology, by taking into account the nonlinearity of the EH process at GDs. To
efficiently and fairly charge these GDs, we aim at maximizing the minimum harvested DC energy
among GDs by designing the UAV trajectory subject to a maximum flying speed constraint. The
UAV trajectory design problem contains infinite number of variables over continuous time, and
thus is difficult to be solved optimally. We provide an efficient approach to solve this difficult
problem, with the main results summarized in the following.

« Characterization of optimal UAV trajectory structure: First, we rigorously prove that the



optimal UAV trajectory solution in a 2D scenario follows a new SHF structure, where the
UAV should hover at a set of positions over time, and fly among these positions following
certain arcs (instead of straightly) at the maximum speed. In addition, the upper bound of
the number of hovering points is also derived.

o Problem transformation based on turning points: Next, to facilitate the solution, we
introduce a sequence of turning points into the UAV’s maximum-speed flight paths (arcs),
such that any UAV flight paths can be approximated as a connection of line segments. By
using the turning points together with the revealed optimal SHF structure, we transform
the original min-energy maximization problem to a simplified one with finite number of
variables, including the hovering positions and durations, and the positions of turning points
during the maximum-speed flight.

o Proposed solution via convex approximation: Then, we use the technique of convex
approximation to solve the transformed problem in an iterative manner. In each iteration,
we approximate the harvested energy as a concave function with respect to UAV positions
at a local point. By solving a series of approximated convex problems, the local points
are updated towards a converged solution. In addition, we also present the initial trajectory
design and analyze the computational complexity for this iterative algorithm.

o Numerical results: Finally, simulation results are presented to evaluate the performance
of our proposed trajectory design. It is shown that the proposed design outperforms the
conventional designs under linear EH models, and performs close to the performance
upperbound when the flying speed is ignored.

The rest of this paper is organized as follows. In Section II, the system model is described
together with a nonlinear EH model, based on which the min-energy minimization problem is
formulated. Then, the optimal trajectory structure is proved in Section III. Based on the optimal
structure, an iterative algorithm is proposed in Section IV. Finally, we provide our simulation

results in Section V and conclude this work in Section VI.

II. SYSTEM MODEL
We consider a UAV-enabled WPT system where K GDs are deployed in an area. We denote the
fixed horizontal position of GD k by (wy 5, wy k), k € K 2 {1,2,---, K}, where the knowledge
of all these fixed positions are a-priori known by the UAV. In addition, we assume that the UAV
flies at a fixed altitude H > 0. The charging process is executed within a period T £ [0, 7]



with duration 7" > 0, where 7T is a constant that is properly set based on the available energy in
UAV’s battery and the maximum consumption power of UAV, such that the UAV can return to
be recharged before the energy is used up. The horizontal location of UAV at time ¢ is denoted
by (x(t),y(t)), which is a variable to be optimized later. In addition, the maximal speed of
the UAV is given by V. Hence, we have (i(t))” + (y(t))> < V2,¥t € T, where i(t) and (t)
respectively denote the first-derivatives of x(t) and y(t) with respect to ¢.

In practice, the wireless channels between the UAV and GDs are generally LoS-dominant. For
facilitation, we assume a free space channel model by setting the path loss exponent to be two
for all channels between the UAV and GDs. At time ¢, the channel gain from the UAV to GD
k € K is denoted as hy(z(t),y(t)) = (w(t)_w%k)%jg(ﬂ_wy’k)2+H2 , where the distance between the
UAV and GD k is \/(z(t) — w,x)? + (y(t) — wyx)? + H? and S, is the channel power gain at
a reference distance of unit meter. Hence, the received RF power by GD £k at time ¢ is given by
P

OO = ) e b )~y P+
where P is the constant transmit power of the UAV for WPT.

6]

The received RF signal is further converted into the DC signal for charging the rechargeable
battery at each GD. Different from existing works considering simplified linear EH models [16]-
[20], in this work, we consider a practical non-linear EH (RF-to-DC conversion) model [27].
Due to the significant path loss and a relatively long distance from the UAV to GDs in WPT, the
wireless signal received by GDs is generally attenuated in a large degree, so that the saturation
power cannot be reached. Thus, we apply a small signal model [31] to process the non-linearity
of rectifier (diode) during the charging at GDs. By applying a Taylor expansion of non-linearity
in diode, the nonlinear relation between output charged current /,,; and the received RF power

@ can be characterized by an implicit function I, (). According to Eq.(6) in [32], we have

Ry Iout(Q) n!

e (@ + 1) = D0 0, )

where R, n, v; and I, respectively denote the load resistance, the ideality factor, the thermal
voltage and the reverse bias saturation current at diode. Here, the truncation order n can be any
positive integer, a larger value of which represents a more accurate nonlinear model. Moreover,
all the a; factors are obtained from the Taylor expansion and are definitely positive. Note that
the charged (or harvested DC) power P, is clearly a function of output current /,,(Q), given

by Pu = [Iow(Q)]*Rr, which implies that the charged power P, is also an implicit nonlinear



function of received power (), denoted by F,,;(Q)). Thus, for GD k the relationship between the

harvested DC power P, and the received RF power ()} is expressed as

Popx = Fu(Qr) 2 [Lout (Qr)]* Ry (3)

Although being implicit, the convexity of the nonlinear process F,,; has been proved in [32]. In
particular, by letting u = (2(t) —w, )+ (y(t) —w, x)*, Q& given in (1) can be further expressed

by Qr = Qr(u) = uﬁf};. In addition, let Q,(u) and Q,(u) represent the first and second

derivatives of Qi(u) to u. Then, the following inequality holds

. 2
According to [32], Q. (u)Qx(u) — <Qk(u)> > 0 is a sufficient condition making F,,;(Qx(u))

> 0. (4)

be convex with respect to u. In other words, in the system considered in our work, P =
Fu(Qu(w) = Fu (Qu (x(1), y(1))) is convex in (2(t) —wqr)+(y(t) —wy)”.

Due to the broadcast nature of wireless transmission, all GDs can simultaneously receive
wireless power for EH during the whole charging period 7. As a result, the total harvested

energy at GD k is given by
Be({a(t) / Fua(Qu (1), (1)), )

which is the key EH performance metric for evaluating the WPT process to GD k. Note that
there are in total K GDs to be charged in the network. Taking the fairness issue into account, our
objective is to design the UAV trajectory for maximizing the minimal harvested energy among

all the K GDs during the charging period 7. The problem of interest is formulated as

(OP): max mln/ F(Qr(z(t),y(t)))dt (6a)

{z(t),y(t)} kek
st (@) + @G0 < VAV eT. (6b)

By introducing an auxiliary variable F, the original problem (OP) is equivalently reformulated as

PV Bithe e
/ FulQula(t), y(t))dt > E,VEeK. (7b)
(&) + (y(1))* < ViVt e T. (7¢)

Notice that both the original problem (OP) and the reformulated problem (P1) are non-convex,

due to the fact that the objective function in (OP) is non-concave, and constraint (7b) in (P1)



is non-convex. Furthermore, both problems contain an infinite number of variables {z(t), y(¢)}
over continuous time, which makes the optimization problem difficult to be solved optimally. In
addition, the nonlinear process F,,; is indeed an implicit function [32]. Therefore, the solution

remains to be extremely challenging to be found.

III. STRUCTURE OF OPTIMAL TRAJECTORY

In this section, we characterize the structure of the optimal trajectory solution of problem
(OP). It is worthwhile to mention that the structure in [17] is just a special case of that in this
work when the linear EH is considered in the 1D scenario.

We have two key lemmas addressing the structure of an optimal trajectory of problem (P1).

Lemma 1. Consider a trajectory {x(t),y(t)} satisfying the maximum speed constraint V and
with time duration T and path/arc length d,. We can always find two trajectories {z(t), y(t)} and
{z(t),y(t)} jointly achieving the same WPT performance. {Z(t),y(t)} is a trajectory flying along
the original path with maximum speed V in duration T = d,/V, while T is the corresponding
time duration. {i(t),(t)} is limited on the original path, and has a time duration T =T — T
without any UAV speed constraints (speed-free). In other words, the following equality holds for
any GD k € K.

T T 7

| FatQute @ onie = [Fu@ua s+ [ Fui w6
Proof. See Appendix A. [

For any optimal trajectory {x*(¢),y*(¢)} of problem (P1), according to Lemma 1, we can
split it into two trajectories (i.e., the maximum-speed one {z*(¢),y*(¢)} and speed-free one
{z*(t),y*(t)}), which can jointly achieve the same performance as {x*(t),y*(¢)}. The details
of obtaining the two trajectories from {z*(¢),y*(t)} are provided in the proof of Lemma 1 in
Appendix A.

In trajectory {z*(t),y*(t)}, the UAV flies along the path of {z*(¢),y*(¢)} with maximum
speed V. For {z*(t),y*(t)}, the harvested energy by GD k € K is given by

@:AA@mwmwww ©)

As the trajectory {z*(t),y*(t)} is the optimal solution of problem (P1), it can be shown that
the speed-free trajectory {z*(¢),*(t)} must be the optimal solution of the following problem
(P2), otherwise a better solution for problem (P1) can be built based on problem (P2).



P2 E 10a
( ){w(t) IO}LE (102

St. /fn, Qu(E(t), §(0))dt + B} > E,Vk € K. (10b)

L9(1) €{(x(to), y(to))|to€ T}, Vt € 0, 7). (10c)

Lemma 2. At the optimal trajectory of problem (P2), the UAV hovers at a number of points,

and then flies over them with maximum speed V.

Proof. The proof is provided in Appendix B. [
According to Lemma 2, trajectory {2*(t),y*(t)} is composed of a sequence of hovering

points with corresponding hovering durations. Hence, the optimal trajectory {z*(t),y*(t)} of

problem (P1) has an SHF structure, where the UAV successively flies (possibly along a curve)

between hovering points with maximum speed V' and hovers over each hovering point with the

corresponding time duration.

Lemma 3. For problem (OP), there exists an optimal SHF trajectory with no more than K

hovering points (including the starting and ending points).

Proof. See Appendix C. [

It should be pointed out that as a special case of the 2D scenario, the above lemma also
holds for a 1D scenario, which indicates that the maximum number of hovering points proved
in [17], i.e., K + 2, is indeed a loose upper bound and should be updated to K. Moreover, the
proved SHF structure also works in a 3D scenario where the devices are distributed in a 3D
space. Differently, in 3D scenario, for secure reasons, additional constraints and assumptions are
necessary for addressing the safety distance between UAV and GD and possible obstacle blockage
when UAV flies very close to GD. Hereby, for facilitation, we only focus on the 2D topology
and an example of a UAV trajectory with an SHF structure in a 2D topology is illustrated in
Fig. 1. Note that the hovering points may not be exactly above the locations of GDs, as at each
time instant different GDs can simultaneously harvest energy due to the broudcasting nature of
WPT.

To sum up, for problem (OP) and (P1), there always exists an optimal trajectory satisfying
the following two properties: i) the trajectory follows an SHF structure; ii) there are no more

than K points, including hovering points, starting point and ending point in the trajectory.



Fig. 1. An example of the SHF structure in a 2D topology with K = 5.

IV. PROPOSED TRAJECTORY DESIGN
In this section, we reformulate the trajectory design problem according to the SHF structure
and propose an efficient iterative algorithm for solving the problem. Different from the SHF
structure in a 1D topology, the concept of turning points is introduced for a 2D scenario. In
particular, a turning point is not a hovering point, but a point at which the UAV changes the

flying direction without hovering.

A. Problem Reformulation

We redefine the trajectory (solution) following the SHF structure with at most /K hovering
points: First, we denote the locations of K possible hovering points, including starting point and
ending point, by (x;,y;),i € K 2 {1,..., K} at a height of H. The hovering duration at hovering
point ¢ is denoted by ¢; and the set of hovering durations is defined as t = (¢, %, - ,tK)T,
t; > 0,Vi € IC, where ()T denotes the operation of transposition. Then, the maximum-speed
flight arc between two hovering points (x;,v;) and (x;11,y;4+1) is quantized into N + 1 line
segments by introducing N turning points' (z;;,v;;),i € K,j7 = 1,---, N. In other words, we
apply piecewise straight lines with multiple turning points to fit the possible curves between
hovering points, as shown in Fig. 2. In particular, as long as the number of turning points is
sufficiently large, the approximated curve between two hovering points becomes arbitrarily close
to the original one. Hence, the introduction of the turning points does not lose its generality, the
approximation will become exact when the number of turning points becomes sufficiently large.
In practice, there exists a tradeoff in choosing the number of turning points to balance between
complexity and the performance of obtained the trajectory solution.

For simplification, we define (z;0,vi0) = (z;,¥) and (x; N1, Yin+1) = (Tig1,Yit1), Vi €
{1, -+, K—1}. Hence, the set of hovering points and turning points (x,y) is given by [(961,0, 11, ...
TUNs T1NAL L2015 oo TE—1N+1) s (Y105 Y115 s YLNS YLN+1, Y215 s Y —1,8+1) " | - Then, the UAV
will successively visit all the points in (x,y) while hovering at the hovering points and directly
flying over turning points. For each line segment from point (z;;,v; ;) to (41, ¥i +1), the
distance d;, ; is given by

'A similar concept is known as way points [33]-[35]. In general, way points are defined from a UAV flying path perspective,

while the turning points here are specifically introduced for the (SHF) trajectory design, i.e., distinguishing with the hovering
points.
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Hovering Point i

Turning Points

Fig. 2. An example of SHF structure with turning points.

dij = \/(xi,jﬂ = 2ij)? + Wigr — Yig)?. (11)
The corresponding trajectory on the straight line segment is denoted by (z; ;(t), 7:;(t)):

(Z:5(), 70,5 (1) = (:cj + BTy <y+d;y)”) e [0, %], (12)

2,J

To sum up, the overall trajectory of UAV within period 7 can be formulated as

( i —1 i'—1 N i i'’—1 N
(zir, yir), te Zt+22 S+ S ) 1< <K
1=175=0 =1 1=175=0
x(t s t))= B i'—1 N J’ d i’ i'—1 N i1 dys
( ( ) y( )) (xi’7j’(61’ /( )) yz/j’(§i’,]’( ))), te Zt + Z Z d? Z Z + Z Z d?,+ Z V,] ,
i=1j= 7=0 =1 1=1j5= 7=0
\ 1<i <K, 0<j <N;
(13)

d./

with 5i’,j’ (t) =t — Z Zz’—l ZN dm _ ;/:0 %

Note that there is no benefits if the UAV hovers over a position out of the region (convex hull)

of the set of GDs. Therefore, without loss of optimality, we assume that these hovering points
and turning points must locate in a rectangular area, i.e., mingex Wy < X < MaXpek We ks
MiNgex Wy <Y < MaAXger Wy k-

As a result, the energy harvested by GD k£ during the charging period is given by

Ei(x.y.t) — / Fuul Qulx(t), y(t)))dt

K-1 N ’i

_ anz Qr(mi,yi))ti + ZZ/ Fu(Qu(@(8), 5, (0)))dt,  (14)

=1 7=0
where fo nl(Qk(Iz (1), 9;j(t)))dt denotes the harvested energy by GD k during the UAV
flying from (x;;,v; ;) to (%;j4+1,¥i +1) at the maximum speed V.

With the proposed trajectory structure, problem (P1) can be reformulated to the following (P3).
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(P3): max E (15a)

x,y,t,E
sit.: Ep(x,y,t) > E,Vk € K, (15b)
K | KN
D otity dij <T, (15¢)
i=1 i=1 j=0
min{wy} <x < max{wy}, min{wy} <y < max{wy}, (15d)
>0, (15¢)

where the constraint (15c) represents the time constraint such that the whole charging process
should be finished within 7'.

Notice that problem (P3) is non-convex due to the non-convex constraint (15b). And the
harvested energy Ej(x,y,t) at k-th GD is built on UAV trajectory (x,y,t) with the assistance
of nonlinear implicit function F,,;, which makes the related mathematical analysis rather com-
plicated. In the following part, to solve problem (P3), we first introduce a convex approximation
for problem (P3) based on the previously introduced convexity property in nonlinear EH process.
Subsequently an efficient iterative solution will be proposed by jointly optimizing t and (x,y)

in an iterative manner.

B. Convex Approximation
To obtain a convex approximation of problem (P3), we need to find a convex approximation
of the non-convex constraint (15b) in problem (P3). Towards this end, we find a lower-bound
concave function E,iT) such that Fj > E,E:T) and the equality holds at a local point (x(", y(™ t()).
For the energy E) harvested by GD k, we provide approximations for the energy harvested
during the hovering period, given by fﬁ) (x,y,t) for each hovering point i, and the energy
harvested during flying period, given by gi(,rj),k(x, y,t) for each flying segment d; ;, respectively.
1) Hovering Period: Recall that the function F,,;(Qx(x;,y;)) is convex with respect to (z; —

wy )+ (y; — wyk)?. Then, according the property of convex functions, we have
Fu(Qu(zisyi))ts > —Ag;z[(-??i—wx,k)Q + (yi—wy)*Jti + Bz-(;f)ti, (16)

where
(r) ) )
AG) = = (Ful@e@ 5 >0, (17)
BZ(Z) = Fu(@Qu(a” yi™) + (2=, )* + (yz(r)_wy,k)Q]Agk)? (18)
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/ (r)
where ( . T T? ) S OPI"Z(Q’“( HAET0) is the derivative of F,, Z;,Yi)) to

(zi—we)® + (yi—wyx)? at point (x ET),yZ(T)), and F,(Qr(z\",4)) > 0 holds due to the fact
that the harvested power F,,;(Q)) is monotonically increasing in Q.

Based on (16), we further have
Fut Qe yi)ts = =AU (0= w, ) + (g =yt + B,

- _gggﬁ—wmf+w%—%wﬁ+cﬁ§ (ti+ D) + AT)Ct + Bt

+ AL DY) (s —w, ) + (yi—wy)?] (192)
T 1 ' r 1 ' ™
> AT (e + w0y + CF) = AQ - 2 (64 DI+ AQCK + B,

+AL) DY (i — wa ) + (v — wy)?). (19b)
where the approximation from (19a) to (19b) results from the inequality of arithmetic and
geometric means, i.e., the inequality ab < la2 + le holds Va,b € R" and the equality holds

when a = b. And the non-negative constants C 5 and Dz . are defined as
CO)=max {7 (2w, 1)~ (y—w,4)% 0, (20)
D)= (= w, ) (4 —wy ) Ol Q1)
In addition, the function (z; —w,x)* 4+ (y;—w, x)* is convex in z; and y;. Hence, we have

Fal(Qr(ws, yi) )t

1 r 1 r r
> AR (@i wan)® + (i—wye)® + O = SAR G+ DY) + ARCR G + Bt
+ AN DO (28w, 1) (22— 2w, ) + (4 >—wy,k><2yz-—y§ " wy)]
A r
= fxy.t). (22)

As a polynomial, the concavity of fi(;) (x,y,t) in (x,y,t) can be easily shown.

2) Maximum-Speed Flying Period: For each flying segment, the expression of the harvested
energy contains an integral over the segment, which motivates us to perform a differentiation
approach for the convex approximation.

We first uniformly divide each segment of flying path into L subsegments, where L is
sufficiently large enough to keep the subsegments small enough, so that in each subsegment
the UAV can be assumed to be static, i.e., a subsegment is indeed a static UAV position with a
virtual hovering duration. For each straight segment (x; ;, v; ;) — (@i j+1,¥i +1). the trajectory

(Z; j(t), Uzy(t)) is equivalently (when L is sufficiently large) split into L subsegments (static UAV



13

positions): Z; j; = x; j + 1/ L(x; j11 — i), Yiju = Yij +1/L(Yij1 —vij), VI € {0,1,..., L —1}.
Recall that d;; is the segment length, given in (11). Then, the virtual hovering duration at
each subsegment is ‘z—‘} The energy harvested at device k£ during UAV flying in segment
(@is Yij) = (Tij+1,Yij+1) is denoted by:

dij -1

v d; j
| Ful@ulais (o). 0t = Jim 1 > P @i )

0 LV 23)

where Z; j;, ¥;;; and d; ; are all functions with variables x; j, v; ;, @; j+1 and ¥; j41.

Remark. Note that quantizing a flying segment into L virtual static positions does not introduce
any further variables, as the locations of these positions are constant for a given L, i,e. being
uniformly located on the segment. Moreover, Eq. (23) confirms that as L approaches to infinity,

the error of the quantization vanishes.

Next, an approximation is going to be performed for each subsegment. In this way, we can
finally obtain a concave approximation of the integral charged energy on each straight segment,
by approaching the sufficient large value L to infinity.

According to the convex property of the linear process F,,;, which is applied during the
approximation of hovering period, we have

dij

/ " Fu(Qul (1), 5y () )t

0
L—1 i
i ) (% _ (r) ij
= ngrolo [_Ai,j,k,l((l'i,j,l_wm,k)Q + (yi7j7l_wy7k)2) + Bi,j,k,l . L_‘;
= (61— v, 8) - diy; 24)
where
!/
Az(,j),k:l:_ ( nl<Qk< %7, l? yz ])l))> > 07 (25)
B(,J)kl Fu(Qr(z ZT] I ﬂf?z)) + ((@(rj)l—wmk)Q + (gjgj{l—wy,kf) AZ(.;{M, (26)
L1y
hg,r]),k(xa Yy, t) I}l—r}olo Z LVAz(,TJ),k,l ((:E,;j’l—wm,k)Q + (gi7j7l—wy7k)2 + HQ) , 27
Jk Lh—I}oloZLV z]kl (28)

Note that h§7j7k(x, y,t) is a positive convex function and G ;i 18 a positive value. It is worth
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to mention that although function hfrj) +(X,y,t) is defined as an accumulation of infinite convex

functions, as L tends to infinity, )

ik (x,y,t) can be equivalently reconstructed as a polynomial

function h(r) (mi,j,xmﬂ,yl-7j,yi,j+1) in which the coefficients are obtained from integrals. In
particular, as both A ik and Bl 1 are obtained based on I/L, by defining a variable z =

I/L € ]0,1], we can build
r A r r r
Az(])k(z) = Ag,j),k,l%:w BZ(])]C( )= B(,])kl

=z + 2(Tijp1 — Tij), g;,j(z) 2 Yiji|t =2

— (29)
-, A

Tij(2) = @i, = Yij + 2(Yijr1 — Yij) (30)

And the factor 1/L can be directly considered as the differentiation of variable z. Then, we have

1
h’E] KXy, t) = / VA(TJ)JC( z) ((x;j(z)_wz,k)Z + @;,j@)_wy,k)z + H2) dz, (31)

1
T 1 T
Gg,g‘),k:/o VBz‘(,j),k(Z>dZ' (52)

Remark. Combining (31) and (32) to the approximation in (24), the two sides of the approxi-
mation are actually an integral and the difference of two weighted integrals. This confirms that
the introduction of variable L is only for facilitating the derivations for the approximation and

that the approximated results are not influenced by L.

As the segment length d, ; is a function of (x,y), i.e., d;; = d; ;(x,y), a further approach for
approximation is still required. According to the inequality of arithmetic and geometric means,
Va,b € R and F > 0, ab= £Fab < (3 F?a®+35b%) holds, while the equality holds when

(r)
_ (r) d;,
Fa = 0. Then, for ka MONEEEERTE
0,5,k ’ ’
di,j (r)

v _ _ Fij k(@) 2
| R Quas 0.0 = == (1D v.0)) -

we have

2
7 di; +G”k
z]k

Note that dgfj) = \/ (a:l(rj) = (J)) —|—(yl(;)+1 yl(;)) > 0 holds and keeps F." ik > 0, otherwise the

(r) (r)

points (IE?, yz( 7)) and (z;7,,9;7,,) are the same point and can be merged into a single point.

As d; ; = d; j(x,y) is a convex function, we have

/0 ) Fr(Qu(Z:5(1), Ui, (¢)))dt

v (o 2 & G NG
>— 23 (huk(xay,t))— ot | @i — 7)) (@i — i) +(yi,j+1_yz‘,j)(yi,ﬂl_yi,j)]
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2
As (hg?jk(x,y,t)> and d?,j are both convex in (x,y,t), gyj?k(x,y,t) is concave in (x,y,t).
According to the above approximations for the hovering and flying periods, given a point

(x(" y( £(), for a random feasible point (x,y,t) of problem (P3), it holds
K—-1 N

(X, y, b >Zf X y.6)+ > > a7 (xy.t) = B (xy.t). (34)

=1 j5=0
Note that E,(f) (x,y,t) is a concave function and the equality in (34) holds at the local point
(x), y() £(),
In the next subsection, we propose an iterative solution utilizing the above convex approxi-

mation of the constraint.

C. Proposed Iterative Solution

For the iterative solution, we start with an initialized feasible local point (x(®,y(® (), The
iteration counter is set to be 0, i.e., r = 0. After initialization, in the r-th iteration, we build a
concave approximation of harvested energy at each device over the local point (x(),y(™ (),
according to (34). By replacing the harvested energy in (P3) as its approximation, we have
problem (P4):

(P4) : max, E (35a)
st.:  E"(xyt)>EVkek, (35b)

(15c¢), (15d), (15e).

Clearly, the introduction of the concave approximation E,gr) (x,y,t) transforms constraint (15b)
into a convex one (35b). Therefore, problem (P4) is convex, i.e., can be solved efficiently via
various optimization techniques. In this work, we use a sub-gradient method, i.e. the ellipsoid
method with constraints [36], to solve problem (P4).

The solution of problem (P4) is used as the local point in the next iteration. Note that the

following relation holds for the objective values between two adjacent iterations:
mln {E]€ My, t(”)} = mkin {E,(;) (X(T), y, t(T))}

< m,jn{EziT) (X(T+1),y(r+1)’t(r+l))} < mkin{Ek(x(rﬁ-l)’y(r-i-l)’t(r-i—l))}‘ (36)

In other words, the objective function constantly increases after each iteration. Hence, the

algorithm will eventually lead to a converged solution.
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Algorithm 1 : Iterative Algorithm.

Initialization
Initialize (x(*), y(®) (%)) based on salesman and set r = 0.
Iteration
a) Build approximation El(;) (x,y,t) on point (x(",y() £());
b) Solve the convex problem (P4),obtain optimal E* and optimal point (x*,y*,t*);
¢) If improvement of E* compared with previous iteration is below e
stop iteration;
Else
(X(T‘-‘rl)’y(7'+1)7t(7'+1)) — (X*,y*,t*);
r=r+1;
go back to a).

D. Trajectory Initialization

For the initialization process, we introduce an efficient initial trajectory which is already
introduced in [16]. The path of trajectory is initialized as the shortest path which connects all
GDs together and passes through each device only once, which can be found based on the
solution of Travelling Salesman Problem [37]. Then, on the shortest path, we uniformly scatter
K hovering points and uniformly scatter N turning points between each two neighbour hovering
points to form an initial path (x(©,y(©),

If the minimum flying time on the initial path is less than the whole charging duration 7, i.e.,
17— % Zfi_ll Z;V:o dﬁ?j > 0, we uniformly allocate the remaining charging time on these hovering

T— 1 K-15N _(0) C . .
v Z“}( Zizohy (1,..., 1)T. After that, we develop an initial trajectory

points, i.e., t© =
in which the UAV flies between hovering positions with maximum UAV speed V. When the
charging duration is not sufficient to cover the initial path (x(?),y(®) we apply a trajectory

scaling mentioned in [16] based on an optimal single hovering point (z*, y*) which maximizes the

BoP
x_qux,k)2+(y_1”y7k)2+H2

out in the operation area. Based on the optimal single hovering point (z*, y*), the original path
(x©,y©) is modified as: (x@), y @)™ = (x©),y¥) 4 (1~ ) (2%, 5*) ~ (x©,y®)), where

function rglilrcl{fnl(( ) }. It is clear that the optimal point (z*, y*) can be searched
€

K = oy < 1 1is the linear scaling factor. After modification, in the initial trajectory,

VT
St Tl di
the UAV still flies between hovering positions with maximum UAV speed V.

After all, according to the above analysis, the flow of this iterative solution is described in

Algorithm 1.
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E. Complexity Analysis

Following the complexity analysis approach in [17], we study the complexity of our proposed
algorithm based on the ellipsoid method, which is a stable solution tool for convex problems and
can facilitate the complexity analysis [38]. While solving a convex problem, the ellipsoid method
generates a sequence of ellipsoids and those ellipsoids will eventually converge to the optimal.
According to [38], in each call of ellipsoid update, the computational complexity mainly results
from the update of the ellipsoid matrix and the corresponding calculations on the objective
function and constraints on the centre point of the ellipsoid. In each iteration of our proposed
algorithm, a single convex problem with in total 2N K + 3K — 2N variables is solved, which
results in O((2NK + 3K —2N)? log(%)) calls for ellipsoid updates where £ denotes the conver-
gence threshold for ellipsoids. For each call of ellipsoid update, the update of ellipsoid matrix
contributes to a complexity of O((2NK + 3K — 2N)?) and additional calculation in constraints
costs a complexity of O((2N K+3K —2N)K). Denoting the number of iterations of the algorithm

till convergence by ¢, the total complexity level of proposed algorithm can be expressed as

O (¢(2NK + 3K — 2N)? log(%)> - (O((2NK + 3K —2N)?) + O((2NK + 3K — 2N)K))

=0 (@(QNK +3K — 2N)* log(%)) : (37)

Obviously, the complexity will increase significantly in the number of GDs K and the number

of turning points N.

V. PERFORMANCE EVALUATION

In this section, the proposed iterative algorithm is numerically evaluated in terms of the
minimal average harvested power among GDs. We consider a square charging area with a
width of 30m. The GDs are randomly located in the charging area. Unless otherwise stated,
the simulation parameters are set as: K =5, N =1, §y = —30dB, H = bm, P = 40dBm and
T = 40s. The results are averaged over 40 different random typologies. Moreover, in order to
evaluate the performance of the proposed algorithm, we compare the results to the following
benchmarks:

o Upper bound: the upper bound of each topology is obtained by ignoring the maximum

flying speed in the constraints. It represents the optimal performance when the UAV speed

limit is ignored. Hence, a small performance gap between a trajectory design (with UVA
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Fig. 3. Average performance comparison with varying charging duration 7'.

speed limits) and this upper bound, especially when the UAV flying speed is increased,
indicates a high efficiency of the design, and vice versa.

o Linear SHF with turning points: this scheme optimizes the minimal harvested power among
devices considering an inaccurate linear property of the charging process. It can be easily
achieved via the same procedure as our proposed strategy. Then, the average harvested power
is calculated based on the obtained trajectory and an accurate nonlinear EH process. The
performance gap between this scheme and the proposed design illustrates the performance
improvement by considering nonlinear EH in the design.

o Nonlinear successive convex programming (SCP) based on SHF: in order to show the
performance advantage of introducing the turning points to the SHF trajectory design, the
SCP-based solution is also provided as a benchmark. As a popular strategy in trajectory
design, SCP method approximates a trajectory into a large number of points according to
a time resolution, and optimizes the trajectory by optimizing the positions of these points.
In this scheme, we directly apply SCP based on nonlinear model and an initialized SHF-
structured trajectory, and then evaluate the trajectory by assuming UAV flying between each
two points with a constant speed.

o Naive SHF: this scheme is actually the initial trajectory we introduced in the initialization

step in Section IV-D, which gives a most intuitive trajectory design.

We start with Fig. 3 to depict the minimal averaged harvested power of the proposed design and
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different benchmarks under a wide range of charging duration. It is observed that the proposed
design outperforms the Linear SHF and Naive SHF as well as the nonlinear SCP based on
SHF in all ranges of the charging duration, no matter the UAV speed limit is strict or loose. In
particular, a significant performance gain due to applying the non-linear EH process is illustrated,
when comparing the proposed SHF with the linear SHF. This gain indicates the advantage of
the proposed trajectory design and confirms the necessity of the work. Moreover, under the
maximum speed constraint of 10m/s, the result of proposed SHF gradually converges to the
upper bound (as the total charging duration increases), while the results of Linear SHF (with
turning points) and Naive SHF converge to a saturation point which is far lower. Furthermore, it
is also observed that with a high maximum speed and a long charging duration, even the Naive
SHF has a better performance than the Linear SHF. Please note that the Naive SHF scheme is a
very simple algorithm with much lower computational complexity compared with Linear SHF.
This result indicates again that ignoring this non-linearity results in a significant performance
loss in the design of practical WPT systems, which possibly makes the design worse than a naive
one. By comparing the proposed design with the nonlinear SCP based on SHF, we observe a
performance gain from turning point (TP)-based SHF structure, which confirms the advantages
of introduced trajectory structure with turning points. As resulted trajectory of SCP does not
follow an SHF structure, the performance is largely limited by the resolution (we set the time
resolution of SCP to 0.5s in the simulation). On the other hand, by letting the time resolution
go to zero, the solution of SCP approaches to an SHF trajectory with infinite turning points.
Hence, both the nonlinear SCP and the proposed SHF with turning points are promising ways to
approach to the optimal trajectory solution, but the complexity costs are significantly different
as the proposed SHF has already shown an about 30 times higher efficiency than the nonlinear
SCP during simulations to obtain the result in Fig. 3. A detailed discussion of the complexity
can be found in our previous work [17], which indicates the significant drawback of SCP in
computational complexity.

In addition, in order to provide more insights of behaviours of the proposed design, a set of
trajectory solutions of the proposed design and the other benchmarks are compared in Fig. 4. Four
groups of results conducted under the scenarios with the same network (same GDs) topology but
different maximum UAV speeds are provided in four sub-figures. It can be found that with a low
maximum speed, e.g., V = 1m/s in Fig. 4(a) and V' = 2m/s in Fig. 4(b), the trajectory of Naive

SHF is obtained by scaling the path connecting the devices’ locations. This “naive” trajectory
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Fig. 4. Trajectory examples of the proposed design in comparison to other benchmarks. The number of turning points in this
simulation is set to N = 1. We acknowledge that letting N = 1 is not able to make the designed trajectory smooth, this choice
is limited by the fact that setting a higher value of N makes the trajectories become more difficult to be distinguished. On the

other hand, the WPT performance and algorithm complexity with different number turning points are specifically studied in
Fig. 9, where the results indicate that the WPT performance of the proposed design with a small N is already competitive.

is quite different from trajectories of the proposed SHF and the Linear SHF, and makes the
performance of the Naive SHF be the worst one when both the maximum UAV speed charging
duration are quite limited, as shown in Fig. 3. In addition, when the UAV is allowed to fly
with a relatively high speed, as shown in Fig. 4(c) and Fig. 4(d), both trajectories of the upper
bound case and the proposed design suggest having hovering points to be close to the devices’
locations. At the same time, the trajectories of the Linear SHF do not follow this suggestion,
which makes its performance be the worst one among all schemes. It can be concluded from the
results that in comparison to the design ignoring the non-linear EH, the non-linearity generally
makes the designed trajectory get closer to the locations of the GDs. It should be pointed out that
although the designed trajectories look similar at the first glance when the UAV speed limit is
large, the differences in hovering points and different allocated hovering duration actually result

in a significant performance gap in terms of the harvested DC energy, as displayed in Fig. 3.
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Moreover, we study the average WPT performance of the proposed design over 40 different
network topologies. The influence of UAV’s transmit power on the minimal average harvested
power among GDs is shown in Fig. 5. Clearly, the performance gap between the proposed
design and the upper bound is not constant. This is due to the fact that the upper bound case
ignores the UAV speed limit, i.e., the UAV could jump from one hovering point to the next,
while in other schemes it costs time to fly via the path (with infinity location points) having
a poor WPT performance than hovering points. This makes this upper bound not tight for the
case with a strict UAV speed constraint. This is also the reason why it can be only treated as
a benchmark performance bound but not the objective of the design. In particular, as shown in
Fig. 5(a) with V' = 1m/s, this gap is is getting larger as transmit power increases. However,
from the results shown in Fig. 5(b), when the maximum UAV speed is high, e.g., V' = 10m/s,
this gap becomes tiny. In comparison to the linear SHF and naive SHF, we observe again the
performance advantage of the proposed design. In particular, this performance advantage is more
significant when the transmit power is high.

Next, the influence of the number of GDs on the minimal average harvested power is investi-
gated. The results are provided in Fig. 6. The results at each number of GDs are also averaged
over 40 different devices topologies in the following way. We start with K = 3 and randomly
generate the locations of 3 devices in 40 topologies. We obtain the average WPT performance
of all schemes at X' = 3 and save the topologies. Then, for KX = 4 we used the saved topologies

and additionally randomly drop the fourth device in each topology. We do the same process for
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number of GDs K. the simulation, we set 7" = 40s and V' = 10m/s.

the rest of devices. In this way, we can get rid of the impact of device density randomness>
and observe the true performance behavior of the schemes versus the number of GDs. From the
figure, we learn that the WPT performance is decreasing in the number of devices. This is due
to the fact that as more devices are deployed in the network, an efficient trajectory for fewer
devices are high likely not able to cover the requirement of the new device. Since the objective
is to maximize the worst harvested power among all GDs, the WPT performance of all schemes
is thus degraded. On the other hand, the performance of our proposed SHF scheme is close to
the upper bound within all range of the number of devices, which indicates that the performance
advantage of our design is not influenced by the number of GDs needs the served.
Furthermore, we compare the proposed design in comparison to benchmarks with respect to the
harvested power of at each device. The results are conducted under a fixed (obtained randomly)
network topology with 5 devices. As shown in in Fig. 7, the WPT performance of all devices
are all almost equal to each other under the upper bound case and the proposed design. Since
the aim is to maximize the worst performance among all devices, this observation confirms the
efficiency of our design. Meanwhile, the Naive SHF scheme does not consider fairness among
devices, which results in a low WPT performance (minimal harvested power among devices). In
addition, although the linear SHF scheme takes the fairness into account, due to the inaccuracy
of the linear EH model, the scheme has a even lower WPT performance than the naive one.

In addition, we also checked the corresponding trajectories (not shown here), it confirms with

2Note that a poor topology with 2 far apart devices has a significantly lower performance than a topology with 10 devices
closing to each other.
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Fig. 8. Trajectories with various number of turning points under a given topology of GDs. In the simulation we set T' = 15s,
V = 3mf/s.

Fig. 4(d) that when 7" and V' are relatively large, the UAV flying paths (including hovering
points) of different schemes look quite similar. However, the corresponding hovering durations
are different, which makes the upper bound case and the proposed design outperform the other
two schemes.

Finally, we investigate the impact of the number of turning points in the proposed trajectory
design. First in Fig. 8, the trajectories (obtained via the proposed design) with different number
of turning points are depicted. It is shown that having more turning points makes the path
smoother at the corner part of the trajectory curve, which is especially shown in Fig. 8(b) as
a local enlargement. On the other hand, when the number of turning points is larger than one,
the change on the path is not obvious by increasing the turning points. This observation is

also reflected in terms of the minimal harvested power in Fig. 9, where the impact of turning
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points on the performance and the computing time is investigated. From Fig. 9, it is learnt that
with a increasing number of turning points the improvement of the WPT performance becomes
slow and finally saturates. On the other hand, Fig. 9 also shows that the computing time is
exponentially increasing in the number of turning points. This confirms that the turning points
do introduce a trade-off between the WPT performance and the complexity to the network design.
Combining the results in Fig. 8 and Fig. 9, a relatively small number of turning points (e.g.,
3,4,5) is suggested, as it achieves a competitive WPT performance while costs a relatively lower

complexity.

VI. CONCLUDING REMARKS

In this paper, we focused on a UAV-assisted WPT network while considering the nonlinear
EH process. With a maximum speed limit of UAV, we studied a UAV trajectory design problem
aiming at maximizing of the minimum harvested energy among GDs. We firstly characterized
the structure of an optimal UAV trajectory in a 2D topology where GDs are deployed in an area.
Based on the characterization, we established the optimal trajectory structure — SHF structure, and
further introduced turning points in order to approximate the possible curves between hovering
points. With the modified optimal trajectory structure, the original problem with infinite variables
is transformed to one with finite variables. By introducing turning points, the SHF structure
becomes more flexible to be implemented in optimization problems and extended into more
scenarios. Secondly, with the help of the convexity property in the nonlinear EH model, we
introduce a convex approximation of the problem following the SHF structure with turning
points, and subsequently proposed an iterative algorithm for the UAV trajectory design.

Via simulations, we found that the performance of our proposed design approaches to the upper
bound, especially when the charging duration or maximum speed limit increases, which indicates
the efficiency of the designed trajectory. In addition, a larger transmit power and a relatively
smaller number of energy receivers can potentially result in a better harvesting performance.
In particular, while ignoring the nonlinear charging process in EH, the linear SHF design is
observed to fail in maximizing the truly harvested energy, compared with our proposed design,
which confirms the necessity of this work.

It is worthwhile to mention that the introduced concept of turning points and the proved optimal
SHEF structure is possible to be extended into other UAV trajectory design problems, e.g., in UAV-

enabled wireless communications, mobile edge computing and sensing, to facilitate modeling
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curving trajectories. In addition, during the approximation of harvested energy from the flying
period, we designed a differentiation approach for the approximation of an integral function, see
the approximation design from (23) to (33). This tool is very helpful in our design, and has a
high potential in addressing other trajectory design problems. Moreover, the methodology of this
work in handling the nonlinearity of EH, can be extended to carry out more designs for WPT
networks.

Due to space limitation, there are some important issues that are unaddressed in this paper,

which are discussed in the following to motivate future work.

« In this paper, we focused on the UAV’s WPT operation over a fixed time duration 7', during
which the UAV is assumed to have sufficient energy supplies. In practice, the UAV’s energy
consumption and energy efficiency are also important issues. By taking into account the
energy consumption models at the UAV (see [7] for fixed-wing UAVs and [8] for rotary-wing
UAVs5s), how to optimize the UAV’s trajectory to maximize the energy transfer performance
with minimum energy consumption is an interesting problem worth further investigation,
which are left for future work.

« Furthermore, this paper assumed that the UAV had perfect knowledge about the locations
of fixed GDs and simplified free space channel models, for quantifying the fundamental
performance limits of this system and gaining the most essential design insights. In some
other application scenarios, the GDs may slowly move on the ground and the LoS channels
between the UAV and GDs may be blocked by certain obstacles. To tackle the potential
location changes of GDs over time, online trajectory designs by using machine learning
tools (e.g., (deep) reinforcement learning) might be necessary. To address the potential LoS
blockage, new channel models (such as probabilistic LoS channels and radio map techniques
with location-based LoS/NLoS channels [18]) might be adopted. Based on such new models,
the trajectory design needs to be revised, and the 3D trajectory optimization might become

necessary for further enhancing the performance.

APPENDIX A
PROOF OF LEMMA 1
This lemma can be proved by partitioning the whole time duration 7" into a sufficiently large
number of time portions, each with a sufficiently small length such that during the portion the

UAV speed is constant and the trajectory in each portion is either a single point or a straight line.
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Denote the length of i-th portion by 7;,7 =1, ,I and we have Zi:Lm g = T'. In addition,
denote by v; the speed of the UAV at the i-th portion, i.e., 0 < v; < V. In the following, we prove
Lemma 1 by showing that within each time portion the UAV trajectory satisfying the maximum
speed constraint is equivalent to two trajectories {Z(t),y(t)} and {Z(t),y(t)} as defined in the
lemma.

For each :-th portion, there are in total three cases:
Case 1: the UAV hovers over a given location, i.e., v; = 0. Then, this portion can be directly
allocated to {z(t), y(t)}, so that {&(t), y(¢)} have the same hovering point and the same hovering
duration 7;.
Case 2: the UAV flies from (x;1,v:1) to (x;p, ;) with speed v; = V. Therefore, this portion
is directly allocated to {Z(t),y(t)}. Hence, the trajectory {Z(t),y(t)} does not cover the line
from (x;1,v:1) to (x;r,z;r) and is not continuous over topology, i.e., there is not UAV speed
limit in {z(¢),y(t)}.

Case 3: the UAV flies from (z;1,v:1) to (z;r,2;r) with speed 0 < v; < V. The length of

S (zi,p—24,1)%+(yi,F —¥i,1)?
the portion is 7; = VAGTSD ——
1

. We can let the UAV fly with the maximal speed in

zi, 7~ 1) 2+ (yi, F—yi,1)> "
{#(t),y(t)} which has the time cost 7; = Vo ’I)VHy r7v0% 1y addition, we let the UAV

in {Z(t),y(t)} use the remaining time, i.e., 7, = 7, — 7;, to fly from (z;1,y:1) to (zip, TiF)
ij’;v. It is shown in Eq.(38) that in i-th portion the WPT
performance of {x(¢),y(¢)} and the sum WPT performance of {Z(¢), y(t)} and {Z(¢),y(t)} are

the same Vk =1, --- , K.

i T — s s
/ -/—"nl (Qk(x17l+ 1,FT z,It’yiJ_'_ yz,FTA yz,It)) dt (38)
0

3 3

with corresponding speed being

{=(®),y(t)}

Vs Ti T — 1T . V —w; Ti Ti T — T ).
= Vl Fl (Qk(xi,l‘f' Al l’lt,yi71+yl’F le??)) dt + l/ Fni (Qk(%l-i- L Z’It,yi,l-iriyl’F yz’lt)) dt
0 Ti Ti Vv 0 Ti T

vit=Vty

vit=yte (T TiF —Ti1 Yi,F —Yi1 i TiF —Til Yi,F —Yi1
= / Ful (Qk(ffi,l-i— & - - t1,yi,1+%t1) dt1+/ Fl Qk(xi,l‘i‘%tbyi,l‘i‘%b) dto
A , o ) )

A i A %

{z(®),3(1)} {2(),9(1)}

So far, we have shown that for each portion of {z(t), y(¢)}, we can obtain the corresponding parts
of {Z(t),y(t)} and {z(t), y(¢)} having the same WPT performance as the portion of {z(¢), y(t)}.
By repeating the above process for every portion of {z(t),y(t)}, {z(t),y(t)} and {z(t),y(t)}

can be developed while satisfying Lemma 1.
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APPENDIX B
PROOF OF LEMMA 2
Problem (P2) is non-convex but satisfies the so-called time-sharing condition in [39]. There-
fore, a strong duality holds between problem (P2) and its Lagrange dual problem. Then, problem
can be solved via the Lagrange dual method [40].
Denote the Lagrange multipliers for the k-th constraint in (10b) by A\, > 0,k € K. The partial
Lagrangian of problem (P2) is given by

Ly ({2(t),9(1)}, B, { M })

~ T (39)
SUED DNRUEESD SINEW- T () SRRPWNCACORTENY
Immediately, we have the corresponding dual function as
F(WHD) = max £ ({2(0). 50}, B A0 (0)
s.t. (2(1),9()) € {(x(to), y(to))Ito € T}, ¥t € [0,7]. @1

Clearly, the condition 1 — 3, .-\, = 0 must be satisfied to guarantee that the function
f2({Ax}) is upper-bounded from above, i.e., fo({A\x}) < co. Then, the dual problem of problem
(P2) is given by

(DP2) : l’g\ai{ fo({ e }) (42a)
s.t. 1—Zk€K M =0, A\, >0,Vk € K. (42b)

Notice that as strong duality holds between problem (P2) and its dual problem (DP2), we solve
problem (P2) by equivalently solving the dual problem (DP2), in which we first obtain the
dual function f5 ({\;}}) under any given {A\;} by solving problem (40), and then updating
{A\x} via subgradient-based methods such as the ellipsoid method [36] to find the optimal {\}}
maximizing fo({\x}).

First of all, we deteminate the dual function f({Ax}). Consider problem (40) under any
given {)\} satisfying the constraints in (DP2). As 1 — 3, .-\ = 0, problem (40) can be
decomposed into the following subproblems by dropping the constant term > A\ Ey, each for

one time instant ¢t € T.
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D e MTm(QuE(0),5(1))) 430)

st (@(8),9(8) € {(a(to), y(to))to € T}, Wt € [0,T]. (43b)

As the problem has the same form at different time instant ¢, we can drop the variable ¢ and

reexpress the problem as

max  F(@,9) 2 ) MFu(Qu(,9)) (44a)
st (2,9) € {(x(to), y(to))|to € T} (44b)

We can obtain the optimal solution by searching the maximal point along the path of {z(¢), y(¢)}.
As a result, multiple points are searched out as the solution of problem (44a). As the solution
has dropped variable ¢, the optimal solution of problem (P2) will be a hovering behaviour over
these points when A\, = A}, Vk € K. By optimally allocating hovering durations on these points,
the optimal trajectory of problem (P2) is eventually built. Then, a hovering behaviour of the

optimal trajectory to problem (P2) is proved.

APPENDIX C
PROOF OF LEMMA 3
We first address the relationship between the number of hovering points M with K, i.e.,
M < K, and subsequently show that the total number M’ of the starting, ending and hovering
points satisfies M’ < K.

A. At most K hovering points to construct optimal trajectory

Denoted the M hovering points in an optimal trajectory by (x1,41),- -+, (zar, yp) With
corresponding positive hovering durations t = (7, -+ , 7as). Then, we define a charging matrix
U = (Wmk) py o 50> Where i = Fri(Qr(Zpm, Ym)) and u,, is the m-th row of matrix U. Addition-
ally, we denote the harvested energy at GDs during flying period by E = (Ey,--- , Ex)”. Hence,
the received energy at GDs during the whole period can be obtained by er\::l Ty, + E =
(Ey,---, Ex)T. In the following, we prove at most K hovering points can achieve the optimal
performance by showing: For an optimal trajectory with M > rank(U), we can always find a
trajectory that achieves the same WPT but with only rank(U) hovering points.

As M > rank(U), the rows of matrix U will be linearly dependent, i.e., there exists s, #

0,m=1,---, M such that 27]7\/1[:1 SmU;, = 01X Hence, we have the following lemma.

Lemma 4. For an optimal trajectory with M > rank(U) hovering points, ZM Sm = 0 holds.

m=1
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Proof. 1t is proved by contradiction while distinguishing following two cases:
Case 1: when Z%Zl Sm > 0, we let 1 = arg min0 -z Then, we delete hovering point 7 and
m,8m>0 °m

reallocate the hovering duration to remaining hovering points to obtain a better performance.

The hovering duration reallocation is definited as

Sj

Ti—Ti— st (1=22,.(5)), whenj#i,
7j— 0, when j=i.

(45)

Note that the total charging duration does not change, i.e., >, (Tj — Tsj+ (- Z#I(—E—J)D =
> 2T T Tie And 7; — Ts; > 0 holds due to i = arg min, 5,50 2, 1 — 32, ,(—=2) > 0 holds
due to Z%:l Sm > 0 and s; > 0. Thus, the hovering duration in new allocation is still larger

than zero. For the new allocation, the received energy is given by
2 (Tj_gsﬁﬁ(l_zjyéi(_%)))uﬁ]i
- Z#z‘ Tj“f‘z‘i Zja«éz’ Sjuj+zj¢i (MTil(l_Z#i(_z_j)))uﬁE
= g 44 Zle bty +E+Y ( T (1—Zj¢i(—i—j)))uj
= (Bvoe BT 4) (MT11(1_2#1~(_2_Z))>“3" (46)

Note that each element in vector }; (ﬁ(l -2 #(—§))>uj is larger than zero. Hence,

all GDs are received more energy in the new allocation. Thus, Z%zl Sm > 0 does not hold.
Case 2: when Zivf:l Sm < 0, we define ¢ = arg max 7= and do the same allocation. In the
m,sm<0 °™m

same way as above, it can be proved there is also an allocation scheme with better performance.

Therefore, Zn]\le $m = 0 holds in an optimal trajectory when M > rank(U). O

For an optimal trajectory S.1 with M > rank(U), the hovering point i can be determined

according to ¢ = arg mnin \Z:y Then, we can obtain a new trajectory S.2 by deleting this hovering
point ¢ and re-allocating its hovering duration to the rest hovering points of S.1 following (45).
According to (46), as 1 -3, ,(—3*) = 0, S.1 and S.2 have the same WPT performance, i.c., S.2
is also optimal. By iteratively applying this process of deleting hovering point and re-allocating
hovering duration, we finally obtain an optimal trajectory with only rank(U) hovering points.

Note that rank(U) < K. Hence, the statement is proved.
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B. Total number M' of starting, ending and hovering points is no more than K points in at
least one optimal solution

We prove this statement by distinguishing three different cases: i. the starting and ending
points are hovering points, i.e, M’ = M, where the statement clearly holds according to the
proof in Part A. ii. both the starting and ending points are not hovering points, i.e., M'=M+2.
iii. one of the starting and ending points is a hovering point, i.e., M'=M+1. In the following,
we provide the proof for the second case, while the third case can be proved in the same way.

If M’ < K, the statement clearly holds. Hence the major difficulty is to prove the statement
when M’ = M + 2 > K. We denote the starting and ending points of the trajectory by (i, yr)
and (zp,yr). Similar to the proof in Appendix C-A, we obtain the charging matrix U based
on the M hovering points and M hovering durations with 2%21 Tl + E = (B, -, Eg)T
holds. In addition, note that the UAV flies along a curve/arc from (zr,y1) to (z1,y;) and from
(xar, ymr) to (xp, yrp) with maximum speed V. We define a positive time duration ¢ > 0 which
is such small that the UAV can be considered as static. By carving up the curve/arc from (7, yr)
to (z1,y1) at starting point (zy,y;) with length 0tV, we can obtain a virtual hovering point
(21, y1) with duration dt. In the same way, another virtual hovering point at (z, yr) can be also
constructed with hovering duration ¢t.

Considering both virtual hovering points (zy, y1) and (zp, yr) as two additional hovering points
with hovering duration 6¢, we therefore update the charging matrix U and harvested energy from
flying period E accordingly. As rank(U) < K and M’ > K hold, the rows of matrix U will
be linearly dependent, i.e., there exists s,, # 0,m = 1,--- , M’ such that 2%:1 Sml,, = 01K
and anvf/zl sm = 0 holds according to Lemma 4. Based on the discussion in Appendix C-A,
through a proper selection of point deletion and the new hovering duration allocation (45), an
equal/better performance will be obtained. If the deleted hovering point is originally a hovering
point, the deletion will reduce the number of these points to rank(U) < K. If the deleted point
is starting point (zy,y;) or ending point (xg, yr), the deletion will not influence the continuity
of the trajectory. Moreover, the length of curve before the first hovering point (xy, ;) or after
last hovering point (x,s,yas) will be reduced by dtV/, and the starting or ending point will be
updated. By repeating the above process, the length of curve before the first hovering point or
after last hovering point is constantly reduced, until M’ is less than K or the length of the curve
is reduced to 0 within finite repeats (the starting or ending point eventually becomes a hovering

points). Meanwhile, the overall performance is not decreased, i.e., the trajectory is still optimal.
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